We present numerical evidence to show that the wave functions of smooth classically chaotic Hamiltonian systems scarred by certain simple periodic orbits are exponentially localized in the space of unperturbed basis states. The degree of localization, as measured by the information entropy, is shown to be correlated with the local phase-space structure around the scarring orbit. Sharp localization is observed when the orbit scarring the wave function undergoes a pitchfork bifurcation and loses stability. ͓S1063-651X͑98͒00501-7͔ PACS number͑s͒: 05.45.ϩb, 03.65.Sq It is now well known that classical periodic orbits have an enduring influence on the quantum mechanics and the semiclassics of classically chaotic quantum systems. The knowledge of all the isolated periodic orbits of such a system allows us to estimate semiclassically the eigenvalues through the application of Gutzwiller's trace formula ͓1͔. Heller ͓2͔ has given theoretical arguments to show that for the classically chaotic quantum systems the eigenfunctions will show density enhancements, called scars, along the least unstable periodic orbits. Such localized probability density structures of the wave functions and their correspondence to the underlying periodic orbits are widely reported for many classically chaotic quantum systems, such as the hydrogen atom in a magnetic field ͓3͔. The effect of localized states in a quantum system with predominant classical chaos has been observed experimentally using tunnel-current spectroscopy in semiconductor heterostructures ͓4͔. The role played by the bifurcation properties of periodic orbits is also of considerable importance. The effect of orbit bifurcation is observed experimentally in the spectra of atoms in external fields ͓5,6͔.
It is now well known that classical periodic orbits have an enduring influence on the quantum mechanics and the semiclassics of classically chaotic quantum systems. The knowledge of all the isolated periodic orbits of such a system allows us to estimate semiclassically the eigenvalues through the application of Gutzwiller's trace formula ͓1͔. Heller ͓2͔ has given theoretical arguments to show that for the classically chaotic quantum systems the eigenfunctions will show density enhancements, called scars, along the least unstable periodic orbits. Such localized probability density structures of the wave functions and their correspondence to the underlying periodic orbits are widely reported for many classically chaotic quantum systems, such as the hydrogen atom in a magnetic field ͓3͔. The effect of localized states in a quantum system with predominant classical chaos has been observed experimentally using tunnel-current spectroscopy in semiconductor heterostructures ͓4͔. The role played by the bifurcation properties of periodic orbits is also of considerable importance. The effect of orbit bifurcation is observed experimentally in the spectra of atoms in external fields ͓5,6͔.
Numerical evidence for wave-function localization in systems with classical chaos came from the studies of Bunimovich billiards ͓2,7͔. For the kicked rotor, Grempel et al. ͓8͔ have shown that the localization in momentum space is exponential, similar to Anderson localization in the case of charged-particle dynamics in a series of potential wells with random depths. In smooth potentials such as coupled oscillators, adiabatic methods have been widely applied to predict some eigenvalues, but the construction of adiabatic wave functions still remains an open problem. de Polavieja et al. ͓9͔ have used wave-packet propagation techniques to construct wave functions highly localized on a given classical periodic orbit. A qualitative study of the effect of pitchfork bifurcation of simple orbits on the eigenfunctions has also been reported ͓10͔. In this paper we explore the connection between certain simple classical periodic orbits, their stability, and the localization of the quantum wave functions scarred by them, using coupled nonlinear oscillators. In such systems, even in the regions of large-scale classical chaos, certain simple periodic orbits with short-time periods and high stability are known to scar an infinite series of WKBlike states in the spectrum ͓11͔ and recently it has been observed that these states affect the eigenvalue spacing distributions ͓12͔. In particular, our numerical evidence for smooth potentials indicates that such states, scarred by simple periodic orbits, are exponentially localized in the space of unperturbed basis states. Thus, for such states, the unperturbed Hamiltonian basis is the preferred one even in the case of large coupling.
In the analysis of wave-function scarring ͓13͔ stability of the periodic orbits is shown to affect the magnitude of scarring significantly. The analysis remains limited to averaged Wigner functions and is not valid at the points of bifurcations where Gutzwiller's density of states formula breaks down, leading to predictions of either infinite scar weights or scar amplitudes. In this context we will show that gross measures of individual wave-function localization, such as entropy, are strongly correlated with the periodic orbit's stability oscillations ͑with a parameter͒. When the orbit loses stability we will find that the entropy is also low, with the point of bifurcation being approximately the point of a local minimum in the entropy ͑again as a function of a parameter͒. We will note that this does not always coincide with the points at which the Berry formula ͓13͔ predicts an infinite scar amplitude.
We study smooth Hamiltonian systems of the form
whose classical dynamics can be regular or chaotic depending on the value of the parameter ␣. The coupled quartic oscillator given by the homogeneous potential V(x,y;␣) ϭx 4 ϩy 4 ϩ␣x 2 y 2 is used below with mϭ1/2. This system is integrable for ␣ϭ0, 2, and 6 and exhibits increasing chaos as ␣ is increased beyond 6. The presence of a ''channel'' in this potential leads to trapping of the particle in a motion along the channel periodic orbit (x,yϭ0; p x ,p y ϭ0), which has a short-time period and interesting stability properties. That these initial conditions determine a periodic orbit is evident, as the equations of motion imply that there is zero velocity and acceleration in the y direction, thereby restricting the motion to the x direction alone. The stability of the channel periodic orbit as measured by Tr J(␣), where J(␣) is the monodromy matrix, displays bounded oscillations as a *Electronic address: vbsdst@prl.ernet.in PHYSICAL REVIEW E JANUARY 1998 VOLUME 57, NUMBER 1
